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Vectors

1. SCALAR QUANTITY & VECTOR QUANTITY

Scalar Quantity :

A quantity which has only magnitude and not related to any direction is called a scalar quantity.
For example, Mass, Length, Time, Temperature, Area, \Volume, Speed, Density, Work, current etc

Vector Quantity :

A quantity which has magnitude and also a direction in space and which obeys triangle law of addition of
vectors, is called a vector quantity.

For example, Displacement, \Velocity, Acceleration, Force, Torque, etc.

2. REPRESENTATION OF VECTORS :

Vectors are represented by directed line segments. A vector a is represented by the directed line segment AB .
The magnitude of vector a is equal is equal to AB and the direction of vector a is along the line form A to B.

B
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3. TYPE OF VECTORS:

(i) Null vector or zero vector : If the initial and terminal points of a vector coincide, then it is called a zero
vector. It is denoted by b Its magnitude is zero and direction is indeterminate.
(if)  Unit vector : A vector whose magnitude is of unlit length along any vector a is called a unit vector in the
direction of a and is denoted by &, where a =|—Z'—|
Note : (a) | & |=1.
(b) Two unit vectors may not be equal unless they have the same direction.

(c) Unit vectors parallel to x-axis, y-axis and z-axis are denoted by b f and R
respectively.
(i) Reciprocal vector : A vector whose direction is same as that of a given vector a but its magnitude is the
reciprocal of the magnitude of the given vector & is called the reciprocal of & and is denoted by a™.

(iv) Equal vector : Two non-zero vectors are said to be equal vectors if their magnitudes are equal and
directions are same i.e. they act parallel to each other in the same direction.

(v) Negative vector : The negative of a vector is defined as the vector having the same magnitude but
opposite direction.
For example, if a- P_(j , then the negative of a is the vector @) and is denoted as — a.

(vi) Collinear vector : Two or more non-zero vectors are said to be collinear vectors if these are parallel to the
same line.

(vii) Like and unlike vector : Collinear vectors having the same direction are known as like vectors while

[1]



[2] \ectors

those having opposite direction are known as unlike vectors.
For example, the vectors given by figure (a) are like and given by figure (b) are unlike vectors.

A——>—B A——>——B
C > D C < D
(@) (b)
(viii)Coplanar vector : Two or more non-zero vectors are said to be coplanar vectors if these are parallel to the

same plane.

(ix) Localised vector and free vector : A vector drawn parallel to a given vector through a specified point as
the initial point, is known as a localised vector. If the initial point of a vector is not specified it is said to be a
free vector.

(x) Position vector : Let O be the origin and let A be a point such that abz = a then, we say that the position
vector of Ais a.

4. ADDITION OF VECTORS :

Let a and k') be any two vectors. From the terminal point of a, vector k') is drawn. Then, the vector from the
initial point O of a to the terminal point B of k') is called the sum of vectors a and k') and is denoted by

a+ k') . This is called the triangle law of addition of vectors.

B
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The vectors are also added by using the following method. Let & and t') be any two vectors. From the initial point
of a, vector 6 is drawn. let O be their common initial point. If Aand B be respectively the terminal points of a

and k') , then parallelogram OACB is completed with OA and OB as adjacent sides. The vector O—C> is defined as
the sum of a and tl) . This is called the parallelogram law of addition of vectors.

B C
i 4B 2
o) r e A
(a) Properties of Vector Addition :
(@) Vector addition is commutative, i.e. g+6 = k; + 5 .
(i) Vector addition is associative, i.e. 5 +( : + E) = (5 + k')) + E

(i) O+a=4+0=4a.S0, the 4 is additive identity.
(iv) &+(-4)=0=(-4)+4. So, the additive inverse of & is—4.

(b) Polygon Law of Addition of Vectors

To find the sum of any number of vectors we represent the vectors by directed line segment with the terminal
point of the previous vector as the initial point of the next vector. Then the line segment joining the initial point of
the first vector to the terminal point of the last vector will represent the sum of the vectors :
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r — — I —

i e r r
Thusif, OA=a,AB=b,BC=c,CD=d,DE=¢ and EF—f then

_ —— — — — — —>

r r r
+b+ +d+e§+f:OA+AB+BC+CD+DE+EF:OF

If the terminal point F of the last vector coincide with initial point of the first vector then

r— — — @ — —

r
z§+b +£+d +er+ f=OA+AB+BC +CD + DE+EO o i.e. the sum of vectors is zero or null vector in

this case.

5. DIFFERENCE OF VECTORS :

If a and 6 be any two vectors, then their difference a — kla is defined as & + (—lc') ).

S

6. MULTIPLICATION OF A VECTOR BY A SCALAR:

If a be any vector and m any scalar, then the multiplication of a by m is defined as a vector having magnitude
Im || & | and direction same as of a, if m is positive and reversed if m is negative. The product of a and m is

denoted by m a.Ifm=0, then ma is the zero vector.

For example, if & = AB then [2&|=|2| |&|=2|4| and direction same as that of &.

The magnitude of the vectors —3a |=3|a| and direction opposite as that of a .

7. IMPORTANT PROPERTIES AND FORMULAE :

1. (a) Triangle law of vector addition AB + BC = AC
(b) Parallelogram law of vector addition : If ABCD is a parallelogram, then AB +AD = AC
(c) If rr1=x1ﬁ+yl§+zlt$ and rr2=x2ﬁ+y2§+zzt§ then

rr1+rr2=(x1+x2)ﬁ+(y1+y2)§+(zl+zz)@ and r _r2<:> X, =Xy, Yy =Y, =1,
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2. (@ a and t') are parallel if and only if a = mt') for same non-zero scalar m.
1
(b) &= or a-lal4

(c) Associative law : m(na)=(mn)a=n(ma)

(d) Distributive laws : (m+n)a=mA+na and n (& +b)=na +nb

(e) If F=xbst y§+ 28 then mrrzmxﬁ+my§+mz@.

4] rr 56 are coplaner if and only rr = ng + yt') for some scalars x and y.

3. (a) If the position vectors of the points Aand B be a and k'Jthen,
(i) The position vectors of the points dividing the line AB in the ratio m : n internally and

1 r 1 r
mb +na mb —na
externally are and :
m-+n

m-n
(if) Position vector of the middle point of AB is given by % (5 +lg) :
(i) AB=b-4

() If f=x$+ y§+ 2@ then |rr|=\/><2 +y?+2°

(c) The points A, B, C will be collinear if and only if AB = mAC , for some non-zero scalar m,

, r or_oro r.or .+t _r rer
(d) Given vectors x,a + y,b +2,C, X,a +Yy,b +7,C, X;a + y;b +z,C , where a,b,c are non-coplanar vectors,

X Y1 4
will be coplanar if and only if | x, vy, 2z,|=0
X3 Y3 Z3

(e) Method to prove four points to be coplanar : To prove that the four points A, B, C and D are coplanar.

- s — —
Find the vector AB, AC and AD and then prove them to be coplanar by the method of coplanarity i.e. one
of them is a linear combination of the other two.

® |&|-1b|</d+b|<|A|+|b]

4. If 4 and p are non-zero and non - collinear vectors such that XA + yllg 0= x= 0,y=0

1 1
5 |If 5, b,E are non-zero and non coplanar vectors such that xg +yb+ zE =0

=x=0,y=0,z=0 B
14. SCALAR PRODUCT OR DOT PRODUCT : E)
(@) a. b=abcos g, where 0 < g < 7
' ' 0
(b) a. b=a (Projection of b along a) 0 >3 A
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L
(c) Projection of b along 5:%3'
a

d) If &.b=0 b A=00r b=0or & Lb

r
- — ' . ' ahr :

(e) Component of a vector r in the direction of a and perpendicular to a are Fl—rl—zb a and rr - gl—rlTweE
a a

respectively.

cosH——rg'—br—
M 51 10|

@ Ph=§f=RR=1
Bf=ps=R=Rj=RE=5R=0

(h) If 4=(a,.3,,a;) and b =(b,,b,,b,) i if a=ab+a,§+a,® and b=bB+b,§+b,8then
(i) ab=ab +ab, +apb,

ab, +a,b, +asb,
JaZ +a +a? Jb? +b? +b?

(i) cos6 =

(iii) a and b will be perpendicular if and only if a,b, + a,b, + a;b, =0

(iv) a and 5 will be parallel if and only if iz_zb_
1 2 3

9. LINEARLY DEPENDENT VECTORS :

A set of vectors él,éz ..... én is said t be linearly dependent if there exists n scalers x,, X,, X3, ..... X,, (not all zero)
such that Xlgl + ngz + x353 +ont xngn i
10. LINEARLY INDEPENDENT VECTORS :
A set of n vectors 4,,a,,4,.....,a, is said to be linearly independent if
x1é1+x2f';12+ ...... +xnén=0:>x1=x2= ....... X, =
Note :
1. Two vectors are linearly depend if they are parallel.
2. Two vectors are linearly independent if they are non-parallel.
X y z
11. Direction cosines of | =xi+yj+2k are \/ZXZ \/ZXZ ,\/ZXZ where 2 X° = x% + y? + 22
A
4
12.
B >~ C

If D be the mid-point of BC, then AB + AC = 2AD
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13. A triad of unit vectors

Z
N\
k
90’
A >X
/ i
J
Y
14. Linear combination of vectors
If X, X, vy X be SCalers and &,,8,,4,,.....,a, be vectors such that

b is called the linear combination of vectors &,,a,,a,,......, .

15. VECTOR OR CROSS PRODUCT OF TWO VECTORS :

(@) The product of vectors & and b is denoted by & x b .
B

A

£x6=(|z§| |6|sin9)r$,where A isavector | to 4 and p both and 0<@<7

(b) &xb=-bxa
(c) If& =borif & isparallelto b, thensing=0andso & x b =0
(d) Distributive laws : & x (b +C)=axb+axt and (b+C)xa=bxa+Exa

(e) The vector product of a vector a with itself is a null vector, i.e. dxa=0

() Ifa=abra,$+al and b=bp+b,§+b# then

(i) axb=(a,b,—ab,)b+(ab, —ab,) §+ (@b, —ab,)®

P
ie axb=|a a, a;
b, b, b

(a,b; - a3b2)2 + (agh, — a1b3)2 +(ayb, — a2b1)2

i) sin’0=
W (2% +a? + a2) (b2 +bZ + b2)

(g) If two vectors a and t') are parallel, thenq =0 or p i.e. sin g = 0 in both cases.
Q (b, —ayh)? +(a,b; —agh,)* +(ab, —a;b;)* =0

= ab, —a,b =0, a,b; —asb, =0, a;b, —ab;, =0
4. % & _ % & & & _3 _a
T bbb bbby = b b b
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(h)

(i)
0)
(k)

()

Thus, two vectors & and b are parallel if their corresponding components are proportional.

_— — 1 — —
Area of the parallelogram ABCD =|AB x AD | or ) | AC x BD |
D

Avrea of the triangle ABC = % | AB x AC |

A B
! «b is a vector perpendicular to both 4 and

The unit vector perpendicular to both 3 and E, is given by

—>

=~
X
—_—
Il
|
~

16. SCALAR TRIPLE PRODUCT :

(@)

(b)
()

If d=af+a,+a®, b=bb+b,f+bfand E=chrc,f+c,@, then

r r a4 a &
@xb).C=[a b {]=|b, b, b,
G C G

[a b c] = volume of the parallelopiped whose coterminous edges are formed by 55 5 :
[abcl=[bca]=[cablbutfa b c]=-[a c b]etc.

I.e. change of any two vector in scalar triple product changes the sign of the scalar triple product.

(d)

(e)
(M
(9)

(h)

(i)

If any two of the vectors 555 are equal, then[a b c] =0

The position of dots and cross in a scalar triple product can be interchanged. Hence (5 X t')) = 5,(6 X 5)

The value of a scalar triple product is zero, if two of its vectors are parallel.

Vectors 555 are coplanar if and only if [5 6 E] =0

Four points A, B, C, D with position vectors g,b,g,d respectively are coplanar if and only if

[AB AC AD]=0 ie ifandonlyif [b—& G—&, d—&]=0

r r
Volume of a tetrahedron with three coterminous edges zg, b, ¢ =%‘ [5 b g] ‘
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17. VECTOR TRIPLE PRODUCT :

r'r r o r ' .
If a,b,C be any three vectors, then (a xb)xc and & x (b x 5) are known as vector triple product.

QD=
O=

@ axbx)=@A&)b-(an).

D=

0.

O =

(gxf))xgz(gg)f)—(
(b) 5 X (k') X 5) is a vector in the plane of vectors t') and ¢
(c) The vector triple product is not commutative i.e

gx(éxg)i(gxé)xg

18. SCALAR PRODUCT OF FOUR VECTORS

The vectors ,b, ('j combined is the form of (5 X B).(E X ('j) is called the scalar product of four vectors.

(axb) (de)

O =
O-NO=
T &=

fﬂ E5H0.d)-Ed) 0.9

19. VECTOR PRODUCT OF FOUR VECTORS :

If four vectors ,b, ,d are combined in the form (5xb) ((I;"x(IJI) is called the vector product of four

vectors. Here (Gxb)x(Exd) = [Abd]E—[abEjd=[& Cd]b—[b € d]a
20. RECIPROCAL SYSTEM OF VECTORS :
(@ If 555 be any three non-coplanar vectors such that [zg b g]io then the three vectors 5',5',@

r ro
r
defined by the equations a = —,—r—r b’ —,&ﬁ,— & qa—?—b,i are called the reciprocal system of vectors

c., @bE @b [@b

to the given vectors a,b, C .

(b) Properties :
() dd&=bb=CE=1
(ii) The scalar product of any vector of one system with a vector of the other system which
does not correspond to it, is zero, i.e. 5,6' Yy O 6,5' = BE' _Ld- crt')' =0

i) [Ab b &=1

V) i'=1, j'=], k' =K

(v) If {5',6',5'} is reciprocal system of {5,6,{} and r is any vector, then
F:(rrarl)arm(r b)b +(r c)c'
r rr.r
r=(r. a')a+(rb)b+(rc)c

21. APPLICATION OF VECTOR IN MECHANICS

(a) Work done by a force |': (Ij where Ei is displacement.
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(b) Moment of a force F about a point O =§ xE, where P is any point on the line of action of the
force F.

(c) Moment of the couple = FxE

22. APPLICATION OF VECTOR IN GEOMETRY :

(a) Vector equation of a straight line passing through a point a and parallel to b is rr= 5 +tb where tis an
arbitrary constant.

(b) Vector equation of a straight line passing through two points a and bis =4+t (5 - 5) .

(c) Vector equation of a plane passing through a point a and parallel to two given vectors tl) and C is

rr ' .r .
r=a+sb-+tc, wheretand s are arbitrary constants.

r 1
r

o [Fb¢l=[Ab {]

(d) Vector equation of a plane passing through the points zgk') ¢ is = (1-s-1) a+sb+te.

o F.bxC+Exaraxb)=[ab ¢
(e) Vector equation of a plane passing through the point a and perpendicular to n is r.n=a.n.
1
N

(f) Perpendicular distance of a point P(r) from a line passing through a and parallel to b is given by

D=

Note : Perpendicular distance of the plane from the origin =

=1

r BT rony 2|2
F,,\,Izl(r—lrz)px |- 4y 80 =g): w

b

(g) Perpendicular distance of a point P(r) from a plane passing through a and parallel to k') and ¢ is given by
r

u_(f ~2)-(b x¢)
|bxc]|
(h) Perpendicular distance of a point P(r) from a plane passing through the points a, t') and ¢ is given by
(I[—g)(kl) xg+gx5+éx6)
IbxC+Cxa+axh]

PM =
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